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Last_me : •
Heis NEAR)

-

•
Describe Kiwi for character formula for it .

Today : Kwrilov 's theorem for Heis

☒theorem : There is a 1-1 correspondence between Heis
(space of ivr unitary reps of Hei s) and

orbits 0 of Heis A Lie (Heis)*
This correspondence is determined by : for each 0

there exists a unique top to satisfying
Trite let) = ) get

↳×>
dog . *

G.
Precisely , should understand this formula in the sense of
distributions : - rep it , of H as a rep .

i.E. f- ECE (A) , VE Hito)
f.v=/ 4-G)hvdh

→ taking trace makes sense H

uts tr fixed A) =%¥%d×of☒
Trlt = Heat)

- for RHS : character X : H -16 canbe seen as a

distribution CECH)→ ¢ by

f ↳ f µ f- (HXG) dh = fyf ✗G) DX



=) f foe:<""d g) DX
✗c-Y

= So I (5) d s .

⇒ * should be understood as : f- £ C:(4)
Tr ( f fcxlédx = So FED ds .

Reimarks : - When 0 is a point , measure oh 0 is point
mass of measure 1 .

- This theorem holds for any simply - connected , nilpotent
be group , i.e. a connected lie subgrp of [ I,*)

☒ EÉ#o :
• For ② = Og

,p
= {41%8} then it • is 1- doin .

Fiji) ↳ ei Gx + Pst
.

• Fr = 0
,
= {Gip , 1) : ✗PER} , we have seen

that EGRI works .

•
For 0=0* Where Y -1-1 :

• Notice that y c- IN acts Heis by conjugating
with [4.) .

→ A new rep of Heis :
Heis ×→ Heis UGH

U
,, ↳ translation by ya



Vy i→ multiplication by y
Wz i→ scalar multiplication by ei

"?

(1) ("it / (
'ii. / = ( ^ * £7

^ it -

So , we can repeat § 4 to compute char formula
for this rep → corresponding co-adjoint orbit

Is ⑦y
.

In other words, Walters induces Rotorbits
by Y . % = Oya '

☒ ClassifyaHiJ :

• By Schur 's lemma : Action by the center (" F)
induces operators on it that commute with Heis

so by Schur's > We know (
^

e?) v = ¥V
cartfor all vt (A) , for some dz € ¢ . Heis ✗ V→V

We also have 4£# = ¥>£ . Because it is continuous ,
so ✗ : IR→ s

'
is continuous and multiplicative .

→ ✗ G-I = ei # for some µ c- IR .

•• If p=0 , i.e. (1^7) act as identity on V

i.e. nip factors through Heis/z(Heis)=(RTH ,
which is abelian , so all reps are 1-dim .

- If µ -1-0 ) W¥t p=
1 by .IR

" A Heis .



A theorem of Stone - von Neumann that the only
with µ =L is , up to iso , EAR)9 He.is

- If V) is an import Heis
then Heis s Heis Is UCI is also lrrep because

Y is an automorphism as Heis
.

Remade : Cteis , KARP relates to quantum mechanics

- We get an action of lie (Heis) as KARI ?
- Hec Heis) generated by

u.to:8/.v--(089).w-- (0%0) .

Satisfying ④if = W
- Because export is central , Waits by scalar

ie . [U ,v1 = did i

t ↳ momentum .

position



Now, . . . Go to §7 : Kirrilov 's theorem for nilpotent grps .

Today : State the theorem .

- G- : connected , simply- entreated > Lie grp with nilpotent Healy
1. en g = He (G) IS nilpotent means

go [gs] > [5.19>5510 " .

Is eventually 0 .

•
For such G- , exp : g.→ G- is a differs .
→ can think of the gap structure being a go given by

the Campbell -Baker - Hausdorff formula :

expat expat = exp ( ✗+Y+É[XiB -1.1)
• G- is a dosed subgrp of uniptentgrp (1k¥
- Theorem:{In unitary} I> { G- orbits}reps of G- y an g*

Kirillov char formula
to ← orbit 0

sit. ✗ c- g ☒ (e) Triolet (* 1

j Jacobian of exp :g⇒É=FerTrans(V•¥I) .of measure

@ d where w talk#(2T ) symplectic form
an 0 ,

2d= dino



- When G- Is nilpotent : j=L , and 1*1 is understood
is the sense of distributions : in f- c- CIG) then

Tr (5×81×111-8) DX) = f GIGI D8 .

where £41 = ffcxlei<"*dx .

Note : the emergence of both sides is not obvious .


